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numerical integration (interval —1 to +1)
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Traction 7, = —20Nm™! is applied on the top horizontal edge. Material properties are Young’s
modulus E = 3 x 107 Pa and Poisson’s ratio v = 0.3. Plane stress conditions are considered. The

problem is discretized using one quadrilateral element. The finite element mesh and nodal coordi-
nates in meters are shown in Figure 9.12.
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We calculate the stiffness K¢ at a Gauss point (&1,7;) = (—(1/v/3), —(1//3)).
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Kq=P (5-106)
FRR 0 (5-106)F 8 A 3K (5-105)15 2]
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HIFEPETE DL R, R FAEETET I N AR R

RATEIERRG 00 A4 BEfS B 2 E s/ MU R BGE LL,,,, » TAESERR R, KA T &

exact

FVOARPNIITESETNPSS SN0 1 A bV § S J |

appr appr exact

(), HI(5-107)a 40, WA

U <U (5-108)

appr exact
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exact exact
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R 94 -verification and validation N :

Verification: Are the equations being solved correctly?

u=a,+ax+a,y
Validation: Are the right equations being solved? = bo +bx+ b2 y

Verificationfl— P EEIF1Z: 9 F 1% (patch test)

The patch test is based on the properties of linear completeness and the fact that if a finite element approximation
contains the exact solution, then the finite element program must obtain that exact solution.

® SKIFEIRF IR — DR BENXECKBELE M F 0], Hlnss —4E 0@ BidK
A 1HYIE 77 1| X3

& —KRERMIFERANMNET, FAAFLERTHMNZRNETRIREF, EXT
AN B TT 2RI 2= (] sE AU )

® NiFHBETAET S,

® £ FKMIEIN T LR ENMBDFTFM-TEELLE BN L M R 2L
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Z 2= Xk (reference):

1. J.N.Reddy, Theory and Analysis of Elastic Plates and Shells, Second Edition, Taylor &
Francis, Philadelphia, PA, 2007

2. J.N.Reddy, An Introduction to the Finite Element Method, Third Edition, McGraw-Hill,
NY, 2006.

3. J.N.Reddy, An Introduction to the Finite Element Method, Lecture Notes, Chapter 3.
https://mechanics.tamu.edu/an-introduction-to-the-finite-element-method/

4. J.N.Reddy, Lectures on Beams, Plates, and Shells, Lecture Notes, Chapter 3.
https://mechanics.tamu.edu/lectures-on-beams-plates-and-shells/

5. 0O.C. Zienkiewicz, R.L. Taylor, The Finite Element Method for Solid and Structural
Mechanics, Sixth edition, Elsevier Butterworth-Heinemann, 2005

6. 1EBEFF, BIRITHX

7. ®BFE, BRETERESNAEGE R



https://mechanics.tamu.edu/an-introduction-to-the-finite-element-method/
https://mechanics.tamu.edu/lectures-on-beams-plates-and-shells/

A plate Is a structural element with planform dimensions that are
large compared to its thickness and is subjected to loads that
cause bending deformatlon in addition to stretching(tk 2 & A

RTiInKTEE, FERNDEREFESHAERTENEEM
%),

w ARIEIL B FE: 1)k (thin plate), ’d_lﬂLl,I, L1l (Classsic
Plate Theory, CPT), A KirchhofftixI21H51A; 2)E7|<)j, 10U B
Uik, HA— 5 Itk AMindlintikIE 12 w18
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i,j=1lor2 SNITHEITN
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SHIRR T

05,0, BHEHENTT Oy HmEEESH
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Nij = j—h/2 O'l-jdx3 SERE T Ni1s Nooy Ny
SEIRA ST "
M, = I_m o, xdx, 56, % | Mi, Mgy, My,
hi2 h2 o
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STRESS RESULTANTS

Stress resultants

hi2

N.= [o.dz, N, =

—h/2

hl2

N, = f 0., dz, Q. =

—hl2
hl2

fayzdz, M _ = fzaxxdz,

—h/2 —h/2
hi2 hl2

M, = fzayydz, M, = fzaxydz,

Y
—h/2 —h/2

L
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i STRESSES AND STRESS RESULTANTS
ON AN EDGE OF A PIATE

hi2 hi2

N, = faxxdza N, = faxydz,

—hi2 —hl2

hi2 hi2

Q. = faxzdzs M,, = fzaxxdz,

—hi2 —hi2

hi2
M, = f zo,, dz
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v 1 0 w =D,|V
12(1-v?) = °
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M=Dxk __ER°
C12(1 —v?)
K= (K Ky 2K ) M=(M o MM, )




EQUATIONS OF EQUILIBRIUM
(vector approach)

Element of

dimensions
RIS L EREMT X dx, dy, and h
JIh SR EHRNTTE:

® NE%,

® EINRIB(REAZIRIE),

Similar forces on
this edge

Qm -I—%dﬁ://
€T

T

Equilibrium of a plate element



Equations of motion (CPT)
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i PRINCIPLE OF VIRTUAL DISPLACEMENTS
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Rectangular element with corner nodes (12 degrees of freedom)
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A rectangular plate element.
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77:

It will be observed that the gradient of w normal to any of the boundaries also varies
along it in a cubic way. (Consider, for instance, values of the normal dw/0x along a
line on which x 1s constant.) As on such lines only two values of the normal slope are
defined, the cubic is not specified uniquely and, 1n general, a discontinuity of normal
slope will occur. The function is thus ‘non-conforming’.
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Mindlintk/—Bf BE Y1tk (First-order shear deformation plate) :
1. TEEEETHPHENEXTERRE(RFFAEZ.

2. EETHMHEAEZ B HIKFALEE.

3. THMEETHMHENELZTEEA—EEETH M.

=B B8 Ptk (First-order shear deformation plate)

1. EETHHENEZSBHIKATEHE.

2. THEETHMHENELZTEEA—ERYHE (ATGEN=XHZ) .
3. THAEETHHEHNELZTEEA—EEETH M-




Undeformed and deformed
geometries of an edge of a plate
under the assumptions of the first-
order shear deformation plate
theory (FSDT).

The classical plate theory
underpredicts deflections and
overpredicts frequencies as
well as buckling loads of plates
with side-to-thickness ratios of
the order of 20 or less (i.e.,

thick plates). X Etk{#E H
KirchhofffR IRt SR hiRE,
¥ H S (G R FIE fh rE
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HE FIRST-ORDER SHEAR DEFORMATION THEORY

Displacement Field N E N FER S —FF
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Selective reduced
iIntegration

Simply supported Clamped edge
0.0044 0.0016
0.0043 0.0015
0.0042 Exact thin plate | 0.0014 Exac;t thin plate
0.0041 solution 0.00406| 0.0013| solution 0.00127
0.0040 0.0012
0.0039 0.0011 -
0.0038 0.0010
00037||| I T I 0.0009 L I I Y I
10’ 102 103 104 10° 102 103 104
L/t L/t
L-R 2 x 2 flexure integration — 1 x 1 shear integration
L-N ======-= 2 x 2 integration of all terms — this gives poor results,

and diverges rapidly as L/t increases
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Deformed Beams
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J.N.Reddy, An Introduction to the Finite Element Method,

lecture notes, chapter 3
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Undeformed Beam

Euler-Bernoulli
Beam Theory (EBT)
Straightness,
inextensibility, and
normality

Timoshenko Beam
Theory (TBT)
Straightness and
inextensibility
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i Timoshenko Beam Theory
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1S the shear correction coefficient, which is in-

troduced to account for the difference in the constant state of shear stress in this th 1€ory

and the parabolic variation of the shear stress predicted by the elasticity theory through
the i‘rc. am thickness. All other quantities have the same meaning as betore. For short and

5"6:.F “'@]%ﬁKs, ﬂ%:

J. R. Hutchinson, Shear Coefficients for Timoshenko Beam Theory, J. Appl. Mech. Jan 2001, 68(1): 87-92



For example, consider a homogeneous beam with rectangular cross section, with
width b and height h. The actual shear stress distribution through the thickness of
the beam is given by

¢ _ 3Qo

o

*Z " 2bh

22 2 h h
1- (22 L 10.1.12
(h)} D (10.1.12)

where ()g is the transverse load. The transverse shear stress in the first-order theory
is a constant, o/, = Qo/bh. The strain energies due to transverse shear stresses in
the two theories are

1 2
p— ¢ dA =
s T 9G1s /A (022) 5G13bh

1 2 2
= S ) dA ==Y
Us = 2G13 / (%) 2G13bh

The shear correction factor is the ratio of UJ to U¢, which gives Ky = 5/6. The
shear correction factor, in general, depends on the geometry and material properties
of the plate.

(10.1.13)
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Summation of forces in the x and H | 9@
z directions and moments about -V V+AV :
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Equilibrium equations
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i Beam Element Degrees of Freedom

| & Ao
S ENO,

TR XTIEX

MBTHERNJ1ENX
PR ETRSX 7,




—Aoar [o+ %)+ cw=q
WEAK FORMS OF TBT
Weak Form of Eq. (1)
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Weak Forms of TBT (continued

Weak Form of Eq. (2)
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FINITE ELEMENT MODELS OF

TIMOSHENKO BEAMS
Finite Element Approximation g ~ Zw i (x), ¢~ ZSJ% (x)
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Shear Locking in Timoshenko Beams

d
(1) Thick beam experiences shear deformation, ¢, =— d—w
X
. o . dw
(2) Shear deformation is negligible in thin beams, ¢ = —d—
X

2 2
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Thus, in the thin beam limit it is not possible for the element to
realize the requirement
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The quadratic interpolation of both w and W with full integration of the element coeffi-
cient matrices also suffers slightly from the shear-locking phenomenon. A uniform two-point
quadrature rule has the desired effecton [K''], K'?], and [K??], i.e., [K''], [K '%], and the
first term of [ K#*] will be evaluated exactly and the second term of [ K %] approximately.
As the degree of approximation and/or the number of elements in the mesh is increased.
shear locking will disappear and reduced integration is not necessary.
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